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Abstract-A general method of analysis is presented for heat transfer through an array of extended surfaces 
containing any number of fins. By treating each fin in the array as a finite element whose characteristics are to 
be determined by the solution of a one-dimensional single fin problem, the analysis of the problem is reduced to 
the solution of a system of algebraic equations. In this system, the elements of the coefficient matrix arc related 
to thefundamentalsolutionsofthefinequation.Explicitexpressionsarepresentedfor thedetermination ofthe 

elements of the coefficient matrix. The application is illustrated with an example. 
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NOMENCLATURE 

cross-sectional area, and reference 
cross-sectional area, respectively 
defined by equation (5b) 
heat transfer coefficients 
defined by equation (5a) 
thermal conductivities 
coefficient in the fin matrix for 
element ‘e’ having nodes identified by 
iandj 
reference length 
perimeter, and perimeter of reference 
cross-section, respectively 
heat flow rate into element ‘e’ 
through the node i 

lateral surface area 
temperature at location x 
temperature at node i 
temperature of the surrounding fluid 
two fundamental solutions of the fin 
equation solutions defined by 
equations (9d) and (9e) 
defined by equation (5b) 
axial coordinate 
dimensionless axial coordinate, x/L,. 

Greek symbols 
B temperature in excess of the 

surrounding fiuid temperature 
K defined by equation (16e). 

Subscripts 
b fin base 
t fin tip. 

INTRODUCTION 

THE HEAT transfer analysis of a single fin has been 
extensively studied in the literature and the solutions 
for various fin geometries are well documented [l, 21. 
Such results are applicable to study heat flow through a 
finned matrix whose repeating section is a single fin. 
In many engineering applications such as those 
encountered in certain types of compact heat 
exchangers, the repeating section of a finned matrix is 
not a single fin, but is an array of fins. Consider for 
illustration purposes a complex finned matrix in the 
coolant passage between two hot surfaces as shown in 
Fig. l(a). Let the temperature of the two hot surfaces be 
uniform and equal. Then from symmetry, the heat 
transfer characteristics of this fin matrix can be 
represented with that of the ‘repeating section’ enclosed 
by the dashed lines. This repeating section, as shown in 
Fig. l(b), is not a single fin, but is an array of fins. 

The heat transfer analysis of an array of fins is a 
complicated matter; only a limited number of papers 
is available on this subject. The method of analysis 
proposed in ref. [2] involves a simultaneous solution of 
a set of ordinary differential equations associated with 
each of the fins in the array. If the differential equations 
can be integrated, the problem becomes one of solving 
a system of linear algebraic equations associated with 
the determination of the integration constants. The 
application of the method for the solution of practical 
problems is quite involved. To alleviate this difficulty, a 
procedure is described in ref. [3], which treats each fin 
as a lumped parameter, and cascades all the fins in the 
array via matrix operations. In a previous paper [4] the 
authors briefly mentioned that such problems could 
readily be solved by using the well-known finite element 
assembly procedure. 
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FIG. 1. {a) Coolant passage with complex fin array. (b) The repeating section of the fin array. 

The present paper describes a straightforward pro- 
cedure for heat transfer analysis of an array of ex- 
tended surfaces. In this method, each fin in the array is 
considered as a finite element whose characteristics are 
determined by the solution of a one-dimensional (1-D) 
fin problem. Thus the analysis of the problem is reduced 
ta the solution of a system of algebraic equations. In 
such a system, each element of the ylobal jn matrix 
(i.e. coefficient matrix) is related to the fundamental 
solutions of the ordinary differential equation govern- 

ing heat transfer through a single fin. Explicit ex- 
pressions are developed for the determination of the 

elements of this matrix. 

THE I)EFINING ELEMENTS AND THEIR PROPERTIES 

The problem of an array of fins can be split into a 
series ofsimpler fin problems if one considers each fin as 
a finite element in the assembly whose characteristics 
can be determined by the basic law of heat conduction. 

The 1-D fin equation for a single fin of variabIe cross- 

section can be written in the form [5] 

which holds from the fin base at x = xh to the fin tip at 
x = x,. Here, A(x), h(x), S(x) and T,(x) are, respectively, 
the fin cross-sectional area, the heat transfer coefficient, 
the fin perimeter and rhe fin temperature at the location 
x; and T, is the temperature of the ambient. 

For convenience in the analysis, we introduce the 
following dimensionless variables 

where L, is a reference length and AT is a reference 
temperature difference. Then, equation (1) can be 
written in the form 

in X, =z X < X,, (3) 

where the following additional dimensionless quan- 

tities are defined as 

A(x) 
K(X) = --p AP = g L& (4a,b) 

0 0 

dS(4 
p(x) = ---&’ 

h(x) ~(4 
W(X) = ----- d. 

ha, PO 
(‘kd) 

Here, A, is a reference cross-section, h,, an average heat 
transfer coe!Jficient and pO the perimeter of the reference 
cross-section A@ As pointed out by Gardner [l], 
equation(4c) is valid for thin fins and spins ; that is when 

the square of the slope of the fin sides is negligible 

compared to unity. 

Generafizedfundamental s~~~ti~n 
We now examine the fundamental solutions of 

equation (3) for the following sufficienay general 
situation in which the functions K(X) and W(X) are 
chosen as 

K(X) = XlU2*, W(X) = c%~X~“-~K(X). (Sa,b) 

Clearly, the numerical values of the coefficients c, n and 
m establish the specific forms of the functions K(X) 

and W(X). For example, some special cases of K(X) 
and W(X), with cn = 1 are presented in Table 1. 

Introducing equations (5a) and (5b) into equation (3), 
the fin equation takes the form 

d%(X) + 1 - 2m d@(X) ^_..~ - ~ - M2n2C2X2r- Q(X) = 0, 
dX2 X dX 

(4) 

which is now a special case of the generalized Bessel 
equation. 

The two fundamental solutions of equation (6) are 
obtained as 

U(X) = X”l,,JnMX3, Ua) 

and 

u(X) = X”K,,,(nMX”), (7bf 

or 

u(X) = X”I _ mic(nMXCf7 for m/c nonintegral. (7c) 
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Table 1. Values of c, m and n for some special cases of K(X) and W(X) with cn = 1 

895 

K(X) W(X) m c n m/c 
Longitudinal fin of rectangular profile 
Longitudinal fin of triangular profile 
Longitudinal fin of concave parabolic profile 
Longitudinal fin of convex parabolic profile 
Radial fin of rectangular profile 
Radial fin of hyperbolic profile 
Conical spine 
Spine fin of concave parabolic profile 
Spine of convex parabolic profile 

1 1 f 1 1 f 
$ 1 I o+ f 2 0 

--co 
X’IZ 1 d 3;4 4”;; I/3 

X X 0 

:2 
X f 3f2 2;3 1;3 

X4 
5 _;;* d 2 -1 

X Xl/Z 0 314 4; -oa 

For the special case ofcn = 1 and c = 0, the fin equation 

(6) reduces to the Euler equation. Then the two 
fundamental solutions in any interval not containing 
the origin are 

where 

u(X) = X”, u(X) = X’Z, (ga,b) 

r, = m+(-l)1tk(m2+MZ)1~Z, k = 1,2. (8~) 

The solution for e(X) can be constructed by taking 
any linear combination of the two fundamental sol- 
utions u(X) and u(X); we prefer to construct the 
solution in the form 

where 

e(x) = e,u(x)+ 0,V(X), (9a) 

eb = 0(X,) and 0, = 6(X,). (9b,c) 

Then the functions U(X) and V(X), satisfying the re- 
quirement of equations (9b) and (SC) are determined as 

G)4X,) - uW,bW) 
u(x) = u(X,)u(X,) - u(X,)v(X,) ’ 

V(X) = 
u(X,bV) - 4Yv(X,) 
uW,MX,) - 4m4xtJ ’ 

(94 

(94 

We note that with the choice of the functions V(X) 
and V(X) as defined by equations (9d) and (9e), the 
following conditions are automatically satisfied 

U(X,) = 1, U(X,) = 0, (loa) 

V(X,) = 0, V(X,) = 1. (lob) 

In the case of a single fin problem, the integration 
constants 8, and 0, are determined by constraining the 
solution (9a) to meet the two boundary conditions 
specified at X = X, and X = X,, and the analysis of 
simple and straightforward. 

In the case of a fin array in which several fins are 
connected, it becomes an elaborate and complicated 
matter to solve the problem by writing equation (3) for 
each of the fins in the array and then try to determine 
the resulting integration constants by matching the 
solutions to meet the boundary conditions. To alleviate 
such difficulty we now describe an efficient method of 
solving the heat transfer problems for a fin array. 

Consider the 1-D heat flow through a typical element 
of the fin array as shown in Fig. 2. Let Q,, and Qt 
be the heat flow rates entering the element at the node 

X = X, and X = X, through the surfaces A, and A,, 
respectively. Let the temperature distribution 0(X) in 
the element be governed by equation (9a). The heat flow 
rates Qt, and Q, entering the elements are determined 
according to Fourier’s law, and the result is written in 
matrix notation as 

kA z 
[ 

- fw,WW,) - fw,) V’WIJ 47 
O Lo K(XW’(X,) II I KW,) VqX,) 4 

where.primes denote differentiation with respect to X. 
Equation (11) is written in the ‘standard form’ for the 

finite element method [6]. When the temperature of the 
surrounding fluid T, is not constant and therefore has 
different values for the fins of the array, equation (11) 
must be written in the form 

[:I :j{:} = {:} + {;}a (lZa) 
or more compactly in the form 

CKI {T) = IQ1 + If’>, (W 

where {T) is the column vector of the two node 
temperatures, {Q} is the column vector of the two node 
heat transfer rates and [K] is thejn matrix of thermal 
influence coefficients : 

kw = - (Wo)~oK(X,P’(X,)~ (134 

k,, = - (Wo)AoKW,) VX,), UW 

h, = WLo)~oWX,W’W,)> (W 

k,, = Wo)AoK(X,)I/‘WJ> (134 

FIG. 2. A schematic representation of an element of the fin 
array. 



896 M. D. MIKHAILOV and M. N. ~ZI$IK 

and {P} is the column vector of the two components 

P, = (k,, + MCJAT, (14a) 

.I’, = (k,, + M7-,lA7-. (14b) 

For the fin equation defined by equation (6), the 
functional forms of U’(X) and V’(X) can be determined 
by introducing the fundamental solutions, equations 
(7a) and (7b) into equations (9d) and (9e) and then 
substituting the resulting expressions into equations 
(13aH13d). Then, when (m/c) is integral, equations 
(13aH13d) become: 

k,, = - JC~MX’,-~“N(~MX’,, nMXf)/D, (Ha) 

k,, = @XrX?), (15b) 

4, = k-l(oX:Xf)> (15c) 

k,, = - wMX;- 2mN(nMX:, nMX’,)/D, (15d) 

where 

K = (kl~,)&c, (154 

N(X, Y) = Im,c i(X)Kn,,( Y) + I,,,( YK,,, i(X), 

(15f) 

(15g) 

and in equation (15f), X and Y are dummy variables. 
When (m/c) is nonintegral, equations (13aH13d) take 
the form : 

k,, = - rcnMXC,-2mN(nMX’,, nMXf)/D, (164 

k,, = - :Jc sin [(t -l)z]/(DXrXr), 

k,, = -ix sin [(F -I)n]/(DXrXD. 

(W 

(16~) 

k,, = - K-nMXC-2”N(nMXf, nMXi)/D, (164 

where 

K = (k/&,)&c, (16e) 

N(X, Y) = I,,, i(X)1 - m,c( Y) - I,,,( Y)I,,C + i(X)* 

(16f) 

D = I,,c(nMX’,)I_,,,(nMX~) 

- ~,,,(nMXf)~ - ,,+(nMX’,), (16g) 

and in equation (16f), X and Y are dummy variables. 
For the special case of cn = 1 and c = 0, we recall that 

the fin equation (6) reduces to the Euler equation and its 
two fundamental solutions are given by equations (8a) 
and (8b). In that case, equations (8a) and (8b) are 
introduced into equations (9d) and (9e) and the 
resulting expressions are substituted into equations 
(13aH13d), which become 

k,, = - KN(X,, X,)/D, 

k,, = K(ri -r2)P, 

(17a) 

(17b) 

where 

ktb = K(rl -r2)lD, 

k,, = - KN(X,, X,)/D, 

(174 

(17d) 

K = (k/&M,, (17e) 

N(X, Y) = (rlXrl Yr2 -r2 Yr1X”)/X2”, (170 

D = X’dXl _ X”X” f ,br (17d 

and in equation (17f), X and Y are dummy variables. 
The foregoing procedure establishes the fundamen- 
tal properties of each element (i.e. fin) in a system 
composed of many individual elements connected 

through the nodes. The global relationships between 
the individual elements for the entire system can now be 
established by utilizing the finite element assembly 
procedure described below. 

FINITE ELEMENT ASSEMBLY PROCEDURE 

Let us consider the heat flow network system 
composed of many individual fins (e = 1,2,. . . , E), 
connected through the nodes(n = 1,2,. . . , N). We focus 
our attention on an individual fin treated as a finite 
element similar to the one shown in Fig. 2, except that 
the end points are denoted as the nodes m and n, and the 
fin is referred to as the element ‘e’ ofthe assembly. Let T, 
and T, be the temperatures, and QE’and Qt’ be the heat 
flow rates entering the element ‘e’ through the nodes m 
and n, respectively. The relationship given by equation 
(12b) is now applied to this element, and written in the 
abbreviated form as 

[K(=)]{T} = {Qce)}+{Pce)}, 

or in the expanded form as 

(184 

0. 0 .o. 0 

. 

0 . k$,’ 0 k’“’ 
“WI . 0 

0 0 0 0 . 0 

0 k(e) 
mn . 0 . k’“’ 

nlm 0 

0 0 0 0 0 
_ 

(18b) 
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We note that: (1) at the nodes where the fins are 
connected the temperature is the same for all fins 
forming the node, and (2) the algebraic sum of the heat 
flow rates at each node must be equal to the external 
heat flow at that node. 

Now, equation (18b) is written for each element and 
the results are summed up for alle = 1,2,. . . , E, where E 
is the total number of elements in the assembly. We 
obtain 

where {Ql is a column vector for external nodal heat 
flow rates, and the global matrix [K] and the column 
vector {P} are given by 

[K] = i K”‘, (19b) 
t-=1 

{P} = t P. (19c) 
e=1 

The computer assembly procedure forming the 
global matrix [K] consists ofthe following steps : (1) Set 
up N x N null master matrix (all zero entries); (2) 
Starting with one element, insert its coefficients kg,‘,‘, I&, 
k$j, and k$,, into the master matrix in the locations 
designated by their indices. Each time a term is placedin 
a location where another term has already been placed, 
it is added to whatever value is there ; (3) Return to step 2 
and repeat this procedure for one element after another 
until all elements have been treated. The result will be 
the global matrix [K]. This assembly procedure is an 
essential part of the finite element method. 

The boundary conditions 
The next step in the analysis is the inclusion of the 

boundary condition at each node into the problem. 
At each node a boundary condition can be written as 

A,T,+B,Q,= F,, n= 1,2 ,..., N, (204 

where Q. is the external nodal heat flow rate; A,, B, and 
F, are known constants. The cases A, = 1, B, = 0 and 
A, = 0, B, = 1 correspond to a prescribed temperature 
and heat flow rate, respectively. 

To preserve the sparse, banded and symmetric 
properties of the global matrix [K] the boundary 
conditions, equation (20a), are rewritten as 

(A,/B,)T,+Q, = F,/B,, n = 1,2,. . . , N. (20b) 

04 
(0) 

To insert the prescribed nodal temperature A, = 1, 
B, is replaced by a small number, say 1 x 10-r5. Then 
equation (13b) expresses the fact that T, = F, since 
1 x 101s + 1. 

The nodal boundary conditions, equation (20b), can 
be written in the matrix form as 

CAPI {T) + IQ> = {F/B), 

where 

[A/B] = 

and 

A,& 

Gw 

(204e) 

and the elements of [A/B] not shown are zero. 
Finally, equations (19a) and (20~) are combined to 

obtain the solution in the form 

{T) = (CA/B1 + CU-‘((F/B)+ {PH. (21) 

ILLUSTRATIVE EXAMPLE 

Consider now as an illustrative example the fin 
matrix configuration of Fig. 3(a) to represent the re- 
peating section of a plate fin compact heat exchanger. 
Let elements @ and @ represent the splitter plates ; 
then there is no heat transfer at the nodes and we 
have Q2 = Q4 = 0. Nodes ‘1’ and ‘5’ are subjected to 
prescribed heat flow rates, hence Q1 and Qs are known. 
At node ‘3’ there is no externally applied heat flow. 

The specific fin geometry considered for this example 
is a plate fin as shown in Fig. 3(b), for which the standard 
fin equation applies, i.e. 

d’B(X) 
~ -M2B(X) = 0, 

dX2 (22) 

where e(X) is the fin temperature in excess of the 
surrounding coolant temperature. 

A comparison of equation (22) with equation (3) 

(b) 

FIG. 3. The nomenclature for the: (a) repeating element of the fin array;(b) geometry of an element of the fin 
array. 
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reveals that 
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K(X) = 1 and W(X) = 1, (23a) 

and in view of the definitions, equations (5a) and (5b), 

we have 

m=$, c= 1 and n= 1. (23b) 

Then, the thermal influence coefficients, equations 

(16aH16g) reduce to 

k,,=k,,=+l,M 
0 

:yii ::[ttIcb;+, (24a) 
f b 

k 
kbt=ktb=-AoM 

1 

Lo smh [M(X, - X,)] ’ 
(2W 

where we utilized the relationships 

I_ &z) =4(2/7cz) cash z, l&z) = J(2/nz) sinh z. 

(25) 

As a reference length we select Lo = b [see Fig. 3(b)]. 
The cross-sectional area is A, = 61. Finally we select 

x, = 0, x,= 1, 

M = mb where 
2h I” 

m= kc? (-> (26) 

Then the resulting fin matrix becomes 

(kdm)(‘) 

= sinh [m@)b@)] 

cash [mce)bce)] 
X 

-1 

The pertinent dimensions of 

-1 

cash [mce)b@)] . (27) 

the elements and the 
magnitudes of various other quantities are taken as in 
ref. [3]. 

and M. N. &LI~K 

Fins ‘1’ and ‘4’ : 

b(l) = bc4’ = 6.34 mm, 6(‘) = aC4) = 0.152 mm. 

Fins ‘2’ and ‘3’ : 

b(‘) = bc3) = 1.16 mm, a(2) = SC3) = 0.254 mm. 

Depth of the array : I = 0.3048 m. 

k = 173 W m-l K-l, h = 56.77 W mm2 K-‘. 

Heat flow rates: Q1 = 2.93 W, Q5 = 2.344 W. 

There is no heat transfer at nodes ‘2’ and ‘4’, hence we set 
Q2 = Q4 = 0. 

The solution for the temperature in excess of the 

surrounding temperature was obtained by utilizing 
the numerical values given above and the results are : 
O1 = 11.2010, e2 = 9.7652, & = 9.7825, B, = 9.7652 

and o5 = 10.7570, where the subscripts correspond to 
the node number. 

4. 

5. 

6. 

REFERENCES 

K. A. Gardner, Efficiency of extended surfaces, Trans. Am. 
Sot. Me&. Engrs 67,621-631(1945). 
D. Q. Kern and A. D. Kraus, Extended Surface Heat 
Transfer. McGraw-Hill, New York (1972). 
A. D. Kraus, A. D. Snider and L. F. Doty, An efficient 
algorithm for evaluating arrays of extended surface, Trans. 
Am. Sot. Mech. Engrs, Series C, J. Heat Transfer 100,288- 
293 (1978). 
M. D. Mikhailov and M. N. Ozivik, Finite element analysis 
of heat exchangers, Heat Exchangers (edited by S. Kakaq, 
A. E. Bergles and F. Mayinger). Hemisphere, New York 
(1981). 
M. N. Ozigik, Basic Heat Transfer. McGraw-Hill, New 
York (1977). 
K. H. Huebner, The Finite Element Method for Engineers. 
Wiley, New York (1975). 

SUR LA RESOLUTION DU TRANSFERT THERMIQUE A TRAVERS UN ARRANGEMENT 
DE SURFACES ETENDUES 

R&u&-On presente une m6thode gin&ale d’analyse pour le transfert thermique B travers un arrangement 
de surfaces contenant un nombre quelconque d’ailettes. En traitant chaque ailette dans l’arrangement comme 
un Clement fini dont les caracttristiques sont g d6terminer par la r&solution d’un problime d’ailette isolte 
monodimensionnelle, l’analyse du problime est rMuite B la solution d’un systime d’iquations algkbriques. 
Dans ce systbme, les Bl&ments de la matrice sont reli6s aux solutions fondamentales de l’kquation de l’ailette. 
Des expressions explicites sont p&sent&es pour la d&termination des BlBments de la matrice. L’application est 

illustr6e par un exemple. 

ZUR Lt)SUNG DES WARMEUBERGANGS-PROBLEMS AN EINEM FELD BERIPPTER 
OBERFLACHEN 

Zusanunenfassung-Eine allgemeine Methode zur Untersuchung des Wlrmeiibergangs an einem Feld 
berippter OberIIbhen mit beliebiger Anzahl von Rippen wird mitgeteilt. Durch Behandlung jeder Rippe des 
Feldes als finites Element, dessen Eigenschaften aus der LBsung des eindiiensionalen Einzelrippen-Problems 
ermittelt werden, vereinfacht sich die Untersuchung aufdie L6sungeines algebraischen Gleichungssystems. In 
diesem System sind die Elemente der Koeffizienten-Matrix auf die Grundldsung der Rippengleichung 
bezogen. Explizite Ausdriicke zur Bestimmung der Elemente der Koetienten-Matrix werden angegeben. 

Die Anwendung wird anhand eines Beispiels erllutert. 
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0 PEUIEHMM 3AAAYki nEPEHOCA TEnJIA YEPE3 PA3BMTbIE I-IOBEPXHOCTM 

AHHOTauHR-&iH 06uel MeTOnaHaJnisa IIepeHoca Tenna vepes pa3BlcTbIe noeepxHocTw, co~epx(a~ue 

nm6oe wcno pe6ep. npU paccMoTpeHuu Ka)KLIOro pe6pa KaK KOHeYHOrO ZmeMeHTa, XapaKTeprrcTuKlc 

KOTOpOrO OIlpeneJIaloTCa peLUeHAeM OAHOMcpHOii Jal(aYH !JJIa cLIAHl(',HO~O pe6pa, aHaJIA3 3afla-m 

CBOIIHTCIl K peLlIeHH!O CEiCTeMbI anre6pamecKsx YpaBHeHElk B 3TOii CHCTeMe 5"eMeHTbl MZ,Tp&,l,bl 

K03~~AL,HCHTOB OTHCCCHbI K @)‘HJJaMCHTWTbHbIM ~lllCH”XM ypaBHCHIl,l .lIJll pe6pa. n~flCTEiI,XHbI 

BbIpaXCHHX B SIBHOM BH,JC &“ll OnpE!J,eneHAa 3JIeMeHTOB MaTpWbl KOY&j,HUlieHTOB, IlC"OJ,bSOBaHHe 

KOTOpblX ImnmcTp~pyeTca Ha nprrhlepe. 


